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Abstract 

We consider four- dimensional f2-deformed M = 2 supersymmetric SU (2) gauge the- 
ory on Ai space and its lift to five dimensions. We find that the partition functions can 
be reproduced via special geometry and the holomorphic anomaly equation. Schwinger 
type integral expressions for the boundary conditions at the monopole/dyon point in 
moduli space are inferred. The interpretation of the five- dimensional partition func- 
tion as the partition function of a refined topological string on AiX (local x P^) is 
suggested. 
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1 Introduction 



Recently, there has been a renewed interest in gauge theory on Asymptotically Lo- 
cally Euclidean (ALE) space. This has been mainly triggered by the findings of [1] 
(see also [21 |3l IH [5]), hinting towards an extension of the proposed correspondence 
between instanton partition functions of A/" = 2 supersymmetric gauge theories in four 
dimensions and conformal blocks of Liouville theory [6], to a correspondence between 
instanton partition functions of gauge theories on ALE space and conformal blocks in 
super Liouville theory. 

The instanton partition function of four-dimensional M = 2 U{N) gauge theory 
with and without matter can be efficiently calculated using localization on the moduli 
space of instantons by making use of the so-called f2-deformation acting on the space- 
time M.^ = via the rotation 

n-. {zuZ2)^{e'''zi,e'''z2), (1.1) 

as put forward in [7] (extending the earlier works [H [9l EO]). Subsequently, this lo- 
calization technique has been applied to gauge instantons on ALE space [11]. Their 
approach builds on the construction of self-dual gauge connections one ALE space of 
[12], utilizing that ALE spaces can be obtained from the minimal resolution of orbifolds 
of type C^/r with F a discrete Kleinian subgroup of SU{2). Due to the topological 
nature of the quantities under consideration it is sufficient to stick to the orbifolds, 
though one may also directly consider the resolved geometries (c./., [3]). 

As shown in [T3l [T^ . f2-deformed gauge theory partition functions on can be 
reproduced under the reparameterization 

ei = V^A, €2 = --^ A, (1.2) 

in the limit A — ?■ with /3 fixed via special geometry and the holomorphic anomaly 
equation of [IHl [16]. The essential effect of the fi-deformation being the change of 
boundary conditions coming from the dyon/monopole point in moduli space. The 
leading order in A of the free energy, determined via special geometry, is just the 
prepotential of the gauge theory. Essentially, this is the celebrated Seiberg-Witten 
solution of A/" = 2 gauge theory [T71 HB]. Higher powers in A, recursively determined 
via the holomorphic anomaly equation, supposedly correspond to a 1-parameter family 
of gravitational corrections. 
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One may ask if the "B-model" technique of resorting to special geometry and the 
holomorphic anomaly equation can be applied as well to the instanton partition func- 
tions of gauge theory on ALE space. Due to the linkage between modularity and the 
holomorphic anomaly [19], it is not obvious that this is the case, since already in the 
unrefined case the modular properties of these partition functions are (to the best of 
our knowledge) somewhat unclear, c/., [20| [2T|. 

As one of our main results we will find that the partition functions of pure SU (2) C 
f/(2) gauge theory on the simplest ALE space, namely Ai, can be reproduced via the 
standard B-model approach, albeit supplemented with new boundary conditions. One 
may take this result as evidence that the applicability of the B-model approach is more 
general than anticipated. In particular, this indicates that the partition functions of 
the theories on ALE space still possess modular properties. We will also find that 
the gauge theory on Ai exhibits a new feature. Namely, the symmetry between the 
monopole and dyon point may be broken under coupling to gravity. 

In the realm of geometric engineering, the partition function of the undeformed 
SU (2) gauge theory on arises as the low energy effective limit of the A-model topo- 
logical string partition function on local x p2] . For the string theory interpretation 
of the f2-deformed gauge theory partition function one usually invokes the M-theory 
lift. While in the undeformed case the partition function counts BPS states of spinning 
M2-branes with respect to their left spin under the SU{2)l x SU{2)r rotation group, 
the r2-deformation corresponds to a refinement in the sense of counting with respect 
to left and right spin [23l [23]. In particular, the so defined refined topological string 
partition function equals for geometric engineering geometries the partition function of 
the corresponding f2-deformed gauge theory in five dimensions compactified on a circle 

[231 [23]. 

Not very surprisingly, the B-model approach to the fi-deformation can be applied to 
the refined topological string partition function, with similar boundary conditions as for 
the f2-deformed gauge theory. In particular, the boundary conditions are determined 
by the c = 1 string aX R = (3 [13]. This is perhaps the strongest hint so far available 
in favor of the existence of a worldsheet formulation of refinement (for some proposals, 
see [25|I26]). 

Since it is natural to lift the four-dimensional gauge theory partition function on 
ALE space to five dimensions, in similar fashion as the gauge theory on C^, it is 
tempting to speculate about a (refined) topological string interpretation with ALE 
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space-time. In this note we will find some hints towards this direction. Namely, we 
will find that the natural five-dimensional lift of the f2-deformed gauge theory on Ai 
can be reproduced via the B-model techniques applied to the mirror geometry of local 

X P^. This suggests that it makes sense to take the five- dimensional gauge theory 
as a definition of a (refined) topological string on (local P^ x P^). 

The outline is as follows. In the next section we will briefiy recall some basics about 
instanton counting via localization in four dimensions and its generalization to ALE 
space. The partition function obtained in this manner will be the benchmark to fix the 
holomorphic ambiguities in the B-model approach, which we will follow in section [3] for 
SU{2) C U (2) gauge theory on Ai. The lift of the instanton calculus via localization to 
five dimensions will be discussed in section [51 In particular, we will present the natural 
five dimensional partition functions in the U{1) case, supposedly corresponding to the 
partition functions of a refined topological string on the resolved conifold with Ai 
space-time, and for SU{2), which is supposed to correspond to a refined topological 
string on AiX (local P^ x P^). The partition functions will be confirmed in section [5] 
via the B-model approach applied to the mirror geometry of local P^ x P^. We present 
some concluding words in section El 

2 Instanton counting via localization 

In this section we briefiy recall the calculation of the partition function of A/" = 2 
supersymmetric gauge theory on via localization and its generalization to Ai space- 
time, mainly following [71 |2T1 |2], to there we refer for a more detailed treatment. 
Though the localization calculation in the general case of U{N) with matter is clear 
(in the orbifold formalism also with general An space-time), for brevity we stick to pure 
U{2) on Ai, as this is the theory of main concern in this note. 

2.1 Generalities 

According to the instanton partition function of U{2) gauge theory on ~ 
can be calculated via localization with respect to the T^^ x T^^ group action on 
the (compactified) moduli space A^fc of /c-instantons of U{2) gauge theory. Here T^^ 
stands for the maximal torus of the U{2) gauge group with generators at being the 
Coloumb parameters, while T^^ refers to the maximal torus of the 5*0(4) space-time 
rotation group with generators as in f ll.ip . Localization reduces the calculation of 
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the partition function to a weighted summation over the fixed points under the group 
action T^^ ^ '^ei ea' Denoting the set of fixed-points in Ai^ as C A^fc and the 
weights as uJk{f; a; ei, €2), the partition function reads 

C(a; ei, e^; q) = ^2) q'^ , (2.1) 

k /eSfe 

Here, q stands for the instanton counting parameter, which we will later identify with 
the dynamical scale of the gauge theory as q = A^. The set of fixed-points can be 
conveniently encoded in pairs of Young diagrams Y = {Yi, Y2) with l^il + II2I = ^ [Z]- 
Furthermore, utilizing the parameterization of the fixed-points via Young diagrams, 
the weights can be expressed simply as [3 [25] 



w= n 



n^j^l UseYn ^si^l + £2 — «nm; ^n, Ym] — Cl, —62) IltGym ^t{anm] Yn, Y^] Ci, €2) ' 

(2.2) 

with anm '■= CLn — CLm and where 

Es{a, Yn, Ym; ei, eg) = a - eiLy„(s) + e2(Ay„(s) + 1) . 
Here, Ly{s) and Ay{s) denote the usual leg-, respectively, arm-length functions for 



the box s = of the partition Y. Note that the partition function Z^^^ has to be 
supplemented by hand by a proper perturbative part Z^^^^, i.e., 

Z^\d] ei, €2] q) = ei, €2) Z^^^^{a; ei, eg; q) . 

Explicit closed formulas for Z^^^^ can be found in [29l [30] . Note also that later we will 
mainly restrict to SU{2) C U{2) via setting a = ai = —a2. 

2.2 Ai via orbifold 

As already mentioned in the introduction, Ai space-time can be obtained as the mini- 
mal resolution of the orbifold C^/Z2, where the orbifold, whose action we denote as X, 
acts on (21, Z2) G as 

X:(zi,^2)^(e"*^i,e-'^'Z2). (2.3) 

In particular, the fixed points in the instanton moduli space under the action of VL 
are automatically invariant under the orbifold action. Due to the topological nature 
of the instanton partition function, one can utilize the orbifold projection to infer 
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the instanton partition function on Ai space-time. Explicitly, this means to restrict 
the summation in (12. ip to fixed points which are invariant under X, combined with 
a projection of the weights. For that, note that X shifts the parameters of the Q 
deformation (c/., (11. ip ). as 

ei -)■ ei + TT , €2 €2 - TT . (2.4) 

Because of the orbifold singularity, in general the U (2) gauge field can have non-trivial 
holonomy when circling around the non-shrinkable cycle. The holonomy can be labeled 
by a pair of charges {qi,q2) associated with the two Cartan generators of the U{2). 
Therefore, the Coloumb parameters at transform under X as 

tti ^ ai + -nqi . (2.5) 

There are four possible holonomy sectors: (0,0), (1,1), those partition functions can 
be reproduced from the Neveau-Schwarz sectors in the associated super Liouville CFT 
[1], and (0, 1), (1, 0) which are related to the Rammond sector of the CFT [5]. All other 
fields, being covariantly constant with respect to the gauge field, acquire a phase shift 
induced from the twisted boundary condition of the gauge field when going around the 
non-trivial cycle. 

As discussed in detail in [TT], the projection on the fixed-points can be implemented 
by associating to each box (i, j) in a Young diagram ¥„, a charge Qn + i—j and counting 
the total number of boxes with zero charge, ko, and of charge one, ki, for each pair 
of Young diagrams (corresponding to a fixed-point). The topological classification of 
the instanton solution on C^/Z2 according to its first and second Chern class [12] then 
yields selection rules on the allowed values of {ko, ki) for given holonomy. Explicitly, 
we take as in [5] for the four different sectors of U{2) on C^/Z2: 

(0, 0), (0, 1), (1, 0) : fco - fci = , (1,1) :ko-ki = l. 

Note that it may seem that this corresponds only to a small subset of possible instanton 
solutions. However, we will see in the next section that this subset in fact contains all 
non-trivial information. 

It remains to project the weights. The projection is simply given by keeping only 
the factors in (12. 2p which are even under X, acting via (12. 4 p and (12. 5p on each factor. 
Following this prescription, it is straight-forward to calculate the partition function 
2'('?i>'J2) ^Qj. each holonomy sector. 
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We reparameterize the partition functions in the variables (11 ■2p . restrict to SU (2) C 
f/(2) and expand the partition functions in A, keeping /3 fixed. The expansion goes 
into even powers of A only, i.e., 

oo 

^(a; ei, £2; q) := log Z(a; ei, 62; q) ~ ^^"^ (a; /3; q) A^"-^ . (2.6) 

n=0 

For the applicability of the usual Seiberg-Witten approach, we would like to have that 

~ , (2.7) 

(up to some rescaling of A) where J^^^^ is the ordinary Seiberg-Witten prepotential 
of SU(2) gauge theory on C^. In physical language, this means that we would like 
to see a difference only under coupling to gravity, which is responsible for the higher 
order terms in A in (12. 6p . Extracting explicitly the prepotential Q^^^ for each sector 
Ziii'i^)^ however, shows that this is generally not the case. Rather, one has to take the 
combinations of holonomy sectors 

Z+ := + , 

(2 8) 

in order that (12. 7p holds (strictly speaking, taking the combination leading to Z2 is 
not necessary since 

^(0,1) _ ^(l,0))_ ^^^^ 

is, one should combine sectors with same first 
Chern class. Note that while obtains contributions only from regular instantons, 
Z2 includes contributions from regular and fractional instantons. 

Hence, SU{2) C U (2) gauge theory on Ai possesses two distinguished sectors under 
coupling to gravity, with partition functions as defined via (12. 8p . (Sometimes we will 
also refer to Z2 as coming from the even sector and Z2 as coming from the odd 
sector.) These are the two combinations of sectors which are well-behaved (in the 
sense of having modular properties), and on which we therefore focus on in this work. 

2.3 Ai via blowup 

While the orbifold approach has the advantage that it is rather simple, efficient to 
explicitly compute and straight-forward to generalize, it has one obvious drawback. 
Namely, it is not immediately clear how to project the perturbative part of the partition 
function. However, calculating the partition function instead via a more algebraic 
geometrical approach one can in fact obtain a prediction. The price to pay is that 
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this approach is somewhat more comphcated and less efficient to exphcitly compute. 
Therefore, we will mainly use the orbifold approach for explicit calculations and use 
the algebraic approach only to gain some additional insight. The construction goes 
(roughly) as follows |2] (see also [31] and references therein). 

The compactification of the instanton moduli space of U{2) gauge theory on the 
minimal resolution 0{—2) — )■ of the Ai singularity can be described in terms of 
the moduli space Jii{2,k,n) of a rank two framed torsion free coherent sheave S on 
a stacky compactification of 0{—2) — ?■ P^. The moduli space is characterized by the 
ffist Chern class Ci{S) = kE (with E the exceptional divisor resolving the singularity) 
and the discriminant A{S) = C2{S) — \cl{S) = n. It is important to keep in mind 
that due to the stacky compactification k can be integer and half- integer (c/., [31]). As 
usual, the instanton partition function is obtained via localization with respect to a 
'^ai 02 ^ '^ei e2 ^ction ou the moduli space, as a weighted sum over the fixed-points. The 
fixed-points under the torus action are given by (twisted) ideal sheaves characterized 
by a pair k = {ki,k2) with k = ki + k2 and a pair of Young diagrams (^1,^2) with 
|^i| + 1^2! = n + \{ki — k2Y. Though it is not hard to infer the weights, they are too 
lengthy to explicitly recall here. The details of the localization calculation are anyway 
not of our main concern in this note. Therefore, we just state the final result for the 
instanton partition function, which takes the form [2] 

^.t* = El'"'^'^^'^(«'^i'^2;q), (2.9) 

k 

with 

2 

Z(^)(a;ei;e2;q)= J] ql^i-^^lVs H i{a;k^,kp; 61,62) 

ki+k2=k a, 15=1 

X ZfZti^ - 2ei^; 2ei, 62-61; q)^£f (a - 2e2^; €2-61, 262] q) , 



(2.10) 



and 



n kaB > 

{a;k^,kp;6i,62) = { Ua. < , 

1 kal3 =0 

where we defined k^p = ka — kp and Zf^^^ is as defined via (12.11) . The selection rules 
on the products are (T+ := {«, j > : z + j < 2{kap — 1) A i + j — 2ka(3 = mod 2} and 
cr_ := {i,j >0:i+j< -2{kap + I) M + j - 2kap = mod 2}. 
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Some remarks are in order. The so defined partition function fl2.9p is a summation 
over all topological sectors. In order to compare to the orbifold partition functions of 
the previous section, one has to identify the corresponding values of k. It is not hard 
to infer that 

ZW(a; ei; €2; q) = , Z^'/'\a; e,; e^, q) = qZ+, (2.11) 

with Zf' as defined in (12. 8p . This is as expected since fractional k corresponds to non- 
trivial holonomy (c/., [31]). Furthermore, one can in fact observe that the sum over 
the integer and half- integer sectors of (I2.10p factorize separately, i.e., 

^/nit = ^3(0;q^/^)Z,- + q-^/%(0;qV2)Z+, 

where 'dn{z',q) denote the standard auxiliary theta functions. A related observation 
has been made for the M = 2* theory in [2], and one may also obtain the above 
factorization via taking an appropriate limit thereof. This explains the statement of 
the previous section that only the topological sectors leading to Z2 and yield 
non-trivial information and are thereof of relevance to us. 

Finally, we also briefly recall from [2] that the form of the partition function (12.91) 
can be used to predict the perturbative contribution. The main idea behind is that if 
one requires that (I2.10p is expressed in a similar fashion in terms of the full partition 
function Z*^^ [i.e., that a similar blowup equation as in [28] holds), the perturbative 
contribution is essentially fixed and can be extracted. 

3 B-model approach to SU{2) gauge theory in 4d 

In this section we are going to reproduce the partition functions of the gauge theory on 
Ai space of the previous section using special geometry and the holomorphic anomaly 
equation. In particular, we will infer the behavior at the dyon/monopole point in 
moduli space. Also, this approach definitely fixes the perturbative contribution, for 
which we will find closed and simple expressions. 

3.1 Generalities 

We consider M = 2 SU(2) gauge theory in four dimensions and denote by m a global 
coordinate on the quantum moduli space of vacua Ai, which can be identified with the 
base space of a family of complex curves C^. For instance the hyperelliptic curve. 
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where A denotes the dynamical scale of the gauge theory. The quantum moduli space 
has three special points. Namely, the weak coupling region n = oo, where the gauge 
boson (vector-multiplet) become massless, the strongly coupled monopole point u = 
with a massless monopole (hyper-multiplet) and the strongly coupled dyon point 
u = —h? with a massless dyon (hyper-multiplet). Note that the monopole and dyon 
points are related by a Z2 symmetry. For latter reference, we parameterize the strongly 
coupled singular points via the "discriminant" A = with 

A = A+A_, (3.1) 

and 

A±=M±A^ (3.2) 
The family of curves is equipped with a meromorphic one-form \sw) such that 

A J Ad 

and 

"-D = ' 

oa 

for appropriately chosen 1-cycles A and A^, and under elimination of u, via the so- 
called mirror map u{a) obtainable by inverting the period a{u). In order to obtain the 
periods a and az) in different corners of moduli space, it is convenient to resort to the 
Picard-Fuchs equation, 

Cuj{u) = , 

satisfied by all the periods of Xsw- Taking a as local (flat) coordinate around u — )■ 00, 
the differential operator C takes the form 

^aaa 

where Caaa '■= d^J-'^'^^ is referred to as Yukawa coupling. 

We now apply the holomorphic anomaly equations of [151 [ISj • That is, we consider 
the amplitudes ^(2n-2)(^^. ^. (defined in ([25])) to be given by the holomorphic limit 
a — 7- 00 of non-holomorphic, but globally defined objects ^^"'^{u, u) over M.. 

For 5* > 1, the Q^^\u,u) satisfy the holomorphic anomaly equation 

duG^'^ = IJ2 croi'-'^Gi'^ + Icroii-'^ , (3.3) 

r=l 
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where Qiu = D^Qu^ = DlQ^^"* and is the covariant derivative over M.. In particular, 
the connection takes the form 

a->oo OU 

As usual, inices are raised and lowered using the Weil-Petersson metric. The one-loop 
amplitude satisfies 

BnduG^'^ = \cTCuuu. (3.4) 

There are several techniques on the market to solve the holomorphic anomaly equation 
fl3.3l) . Hence, we will not dwell here into the details on how to actually solve (13. 3p . For 
that, we refer to the (extensive) literature on this topic. 

Clearly, ( 13.31) and (13. 4p only capture the non-holomorphic part of the amplitude and 
hence have to be supplemented by an appropriately chosen holomorphic function. The 
determination of the holomorphic function is the main difficulty in the holomorphic 
anomaly approach. Fortunately, the holomorphic ambiguites can be fixed by taking 
boundary conditions from other points in moduli space into account [321 133]. In par- 
ticular, for SU (2) gauge theory in the VL background, expansion of the amplitudes at 
the monopole or dyon point is sufficient, since the amplitudes feature at this point in 
moduli space a gap with a specific singular leading term, yielding enough boundary 
conditions. In detail, the leading terms are determined by the free energy of the c = 1 
string at i? = /3 jT3] . 

Let us pause for a moment to comment on a related approach in the literature. For 
the same purpose of reproducing refined partition functions via holomorphic anomaly 
equations the authors of [31] promote a "generalized" version of the holomorphic 
anomaly equation. The reason behind lies in their two parameter expansion of the 
free energy F{a; €1,62; q) (as defined in (12. 6p ) , i.e., 



^(a;6i,e2;q)= ^ -^('^^'"^^(a; q)(ei62)"-^(6i + 6^; 

ni,n2=0 



2n2 



However, one can infer that the relation to our 1-parameter expansion discussed above 
is just a resummation, 

/ 1 \ 2n2 

^(^)(a;/3;q)= Yl " -^^"""^^a; q) , 

where a{g,2) denotes the set of integer (including zero) partitions of g of length 2. In 
particular, their "generalized" holomorphic anomaly equation follows from the above 
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relation. Hence, the refinement is generally captured by the ordinary holomorphic 
anomaly equation equipped with new boundary conditions, as put forward in [13]. For 
completeness, we also mention that one can also consider the extended holomorphic 
anomaly equation of [35] in this context in order to capture certain shift degree of 
freedoms, as also discussed in [T3l [1] 

3.2 

Let us start the discussion of the gauge theory on A\ space with the sector with 



partition function Z^- As already stated in section [2l2l via explicit expansion of the 
instanton partition function as in (12.61) . one infers that 

2 

and hence we can work with the usual special geometry of SU{2) gauge theory (under 
a rescaling of A). Furthermore, we observe that the 1-loop sector is reproduced via the 
usual solution of the 1-loop holomorphic anomaly equation (13. 4p . given by 

with holomorphic ambiguity fixed to 



-log(9„a(n)) + 4'^(u;/3), (3.5) 



4'^(^;/3) = ^(/3 + ^) logA + ilogA. 

It is interesting to note that this holomorphic ambiguity seems also to be related to the 
1-loop partition function of a specific two dimensional gravity model, c/., [36], similar 
as is the case for the ordinary f2-deformed 1-loop amplitude. 

For higher genus, we parameterize the holomorphic ambiguities as usual via the 
functions 

29-2 ^4n-4 



ar')(«;/3) = «3-3^a(f)(/3) 



with constants an{P) to be determined. 

Via explicit expansion of the higher Q^^^ at the weak coupling and monopole/dyon 
points, and comparing with the expected results from the localization calculation out- 
lined in section [2!2| we are able to fix the holomorphic ambiguities, that is, the an\/3). 
In particular, we observe that the genus g amplitudes expanded at the monopole/dyon 
points have the structure 

g'-'^ao; /3) = log{ao) + . . . , G^'^'Kao; /?) = *?^(/3) a^"^^ + 0{al) , (3.6) 
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i.e., feature a gap and a distinguished leading singular term paramterized as '^'^^ . We 
find for the first few of the coefficients 

(2).^, 7 + 180/3 + 10/32 + 180/33 + 7/3^ 



11520/32 ' (37) 

^r(/3) 



(3) 31 + 3150/3 + 49/32 + 3780/33 ^ 49^4 ^ 3150/35 + 31/56 



322560/33 



We can also extract the perturbative contribution to the partition function, which 
we parameterize as 



We find 



log ~ 2 <|.(^) (/3) log a + 5^ 2 •K^'^) (/3) 



$r)(/3) 



(20)2^^-2 

n>l ^ ' 



1440/32 

^(3).,^ 1 + 154/32 + 154/3^ + /36 (3,^ 
2 IOO8O/33 



3 + I88O/32 + 1568/3^ + 1880/3^ + 3/3' 
60480/34 



Note that we can reproduce both the ^2^\/3) and 

via the Schwinger type 
integrals [l 



ds 



cosh 



K':i+'S2) 



sinh(sei) sinh(se2) 



— e ^ — 



(£2— e 



1) cosh (^£(ii±i2l 



sinh(sei) sinh(se2) 



+ 5^vI;W(/3) 



A 



2n-2 



n>0 



n.>2 



2n-2 ' 



in-2 



n-2 



(3.9) 



"'^The reader should not be confused about sinh versus sin, respectively cosh versus cos in com- 
parision to other Schwinger type integrals in the literature. What occurs depends on the defini- 
tion/convention used. 
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where the relation between the first and second integral is just a shift of 



(3.10) 



One should note that the Schwinger integral for $2 presented in equation f l3.9p has an 
additional sector in odd powers of A and is further not symmetric in the exchange of 
the e,. Both problems can be evaded if one considers instead the integral 



The odd sector disappears while the even sector is unchanged. Hence, one should 
interpret the first integral in (13. 9p and the integral in (I3.1ip as due to integrating out 
a massive hyper-, respectively, vector- multiplet in the f2-deformed Ai background. In 
particular, one can see the vector-multiplet contribution (13. lip as the combination of 
two hyper-multiplets shifted with the shift (I3.10p with opposite signs, as it should 
be since we specialized to SU{2) C U{2). Note that in contrast to gauge theory 
in ordinary space-time (c/., [H]), the hyper- and vector- multip lets give already for 
ei = —62 different contributions. 

Since we have at genus g exactly 2g — 2 unknowns an \ the gap provides 2g — 1 
boundary condition and we have a closed expression for the \l/2 5 we can (at least 
theoretically) solve for the partition function to any desired order in the B-model 
formalism. 

Let us also comment on the Nekrasov-Shatashvilli limit (for short NS limit) [37] 
of the gauge theory partition function in the Ai case. Since the partition function is 
entirely determined by the Schwinger integrals above, it is sufficient to consider the NS 
limit thereof. We have 



Comparision with [38] shows that in the NS limit the boundary conditions, hence also 

the full partition function, of the Ai case becomes identical to the ordinary case (up 
to an overall factor of 1/2). In particular, this implies that the quantum integrable 
system one can associate in the NS limit with the r2-deformed gauge theory, following 
[37] . is as for the gauge theory on C^. 




(3.11) 
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3.3 ^2 



Let us now discuss the other sector. Similar as before, we have that 



(0) _ 1 77(0) 
2 ' 



and the usual special geometry applies. However, in contrast to above, we find that 
the 1-loop amphtude is reproduced via the ambiguity in f l3.5p fixed to 



In particular, this shows that the Z2 symmetry between the monopole and dyon point 
in moduli space aX u = ±A^ is broken at 1-loop. This is similar as in the shifted two 
massless fiavor case considered in [13]. Correspondingly, in order to obtain sufficient 
boundary conditions we have to expand the higher genus amplitudes separately around 
both points in moduli space. We take as Ansatz for the holomorphic amiguities 



where we assumed twice as much unknowns, an and On , as we had before because of 
the breaking of the Z2 symmetry. Fixing the unknown coefficients via comparision with 
the localization results and analytic continuation of the amplitudes to the monopole 
and dyon point shows that the amplitudes still feature a gap structure, i.e., 



where the ± distinguishes between expansion at the monopole, respectively, dyon point 
in moduli space. We observe that the coefficients \E'2 are as in (13.71) . The sole difference 
between the expansions at the two points is a flip of sign of /3. 

We can also read of the perturbative contribution. The flrst few terms read 




(3.12) 




n=l 



(3.13) 




1 - 50/3^ + 
1440/32 ' 
1 - I6I/32 - 161/3^ + /3' 
IOO8O/33 



'6 



(3.14) 
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It is instructive to write down the corresponding Schwinger integrals, which are closely 
related to the ones given in fl3.9p . We have 



1 fds ... coshf^^^) ^ _ 



/ / s smhisei) sinh(se2) ^-^ u 

^ ' ^ ' n>0 



1 fds _ e^^(^i-^2) cosh (^^^ 



(3.15) 



1} s sinh(sei) sinh(se2) ^ ^ V 



n>0 



Note that the second integral in fl3.15p is related to the first integral with plus sign via 
a shift 

/i^/^-^(ei + e2). (3.16) 

As in the previous subsection, one should get rid off the odd sector in the integral for 
$2 via considering instead the integral 

-, I- J cosh^ { "(^^+^^^ 



47 s sinh(sei) sinh(se2) 

Again, this can be seen as the combination of two hyper- mult iplets oppositely shifted 
via f lXTC]) . 

Since we have at genus g in total Ag — 4 unknowns ai^^ and dn\ the two gaps 
provide 4g — 2 boundary conditions, and the Schwinger integrals in f l3.15p provide 3 
additional boundary conditions, we have again enough boundary information available 
to calculate the partition function in the B-model formalism to any desired order. 

We also remark that trivially the have the same €2 — ?■ limit for both 

signs. Hence, the statement of the previous section regarding the NS limit still applies. 

Finally, let us note that due to the identity 



cosh ( £(ii±^) + cosh ' '-^^^ 



1 



sinh(sei) sinh(se2) 2 sinh(^) sinh(^^ 



(3.17) 



we have that 



^i^^(/3) = vl>^^^(/3) + vl>^^^(-/3), (3.18) 

where \l/[^''(/3) denote the usual boundary conditions of SU{2) gauge theory on ^2- 
deformed space-time at the monopole/dyon point [13] . 

The relation fl3.18p neatly illustrates the essential point of the B-model discussion 
performed in this section. Namely, the boundary conditions from the dyon/monopole 



16 



points are projected to either \l/2 or \l/2 (— /?), separately for each point. This 

freedom incorporates the two different sectors of the gauge theory on Ai space-time 
outhned in section 12.21 into the B- model formalism. 



4 Instanton partition functions in 5d 

In this section we are going to consider the natural lift of the localization calculation 
for four-dimensional gauge theory of section [2] to five dimensions. In particular, we take 
the so-obtained partition functions as definition of a refined topological string with Ai 
space-time. 

4.1 Generalities 

The partition function of five- dimensional supersymmetric gauge theory with eight 
supercharges compactified on a circle of radius Rc can be obtained via a certain de- 
formation of the instanton calculation for the same gauge theory in four dimensions 
[H [291 EH]- In detail, the deformation is given by a simple change of weights 



in the localization formula (12.21) . We can absorb Rc in a simultaneous rescaling of the 
Coloumb-parameters and the parameters ei. Therefore we just set Rc to one in (14. ip . 

By definition, the partition function of the five-dimensional gauge theory can be 
identified with the partition function of a refined topological string on a geometric en- 
gineering geometry which yields in the effective field-theory limit the four-dimensional 
gauge theory partition function [23], [2l] . 

It seems natural to conjecture that the "lift" (14. ip applied to the gauge theory on 
ALE space also corresponds to the partition function of a five dimensional gauge theory, 
presumably on ALExS*^ (at least locally), which, one may take as the definition of a 
refined topological string with ALE space-time. 



Let us consider first the U{1) gauge theory in five dimensions, those partition function 
defines the refined topological string on the conifold, that is, 0{—l) © C(— 1) — )■ 
[23] . Since we are considering U{1) gauge theory, we only have to sum over a single 




Es{a] Yn, Yyn; ei, €2) 1 - exp {Rc Es{a; Yn, Ym] ei, €2)) , 



(4.1) 



4.2 U{1) 
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partition R. Before orbifolding, one has [281 EH] 

R 

with 

(i,j)GR 

where as before Lii{i,j) denote the leg-length, Aii{i,j) the arm-length of the box 
{i,j) G R and q the instanton counting parameter, which is identified with the Kahler 
parameter t of the geometry as 

where we also defined Q := e~*. Note that we performed an additional shift of t in 
order to obtain an expansion of the corresponding free energy into even powers of A 
only. In particular, under this identification one can show that 

/ oo \ oo 

2 = -P E = 11(1 - Oe"<'-'/^)-"«-'^.) , (4.3) 



4A;sinh(^|i)sinh(^|a) 



and this is the refined partition function we expect from the M-theory spin state 
counting point of view, following [23]. Note also that the partition function of 
0(-2) © C(0) differs from this only by Z ^ 

Let us now consider the orbifold projection. Following the implementation of the 



projection into the localization scheme, as described in section 12. 2[ we infer that we 
obtain as projected partition function Z^^^y 

^f^(i) = El"'"'^'^«+C'^V' (4.4) 

R+ 

where i?+ denotes the projected set of partitions with an even number of boxes, and 
Cr is the projection of fl4.2p . that is, only boxes in R are taken to contribute for which 

Lr{i,]) + Ar{i,3) + 1 = Q mod 2, 

holds. 

In order to find a similar expression as (14. 3 p for the orbifold, a natural guess for 
an Ansatz would be to directly apply the orbifold projection to the infinite product 
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occuring in (14. 3p . Let us assume that the Kahler modulus t is charged under the 
orbifold action X given in fl2.3p with charge q'^n. The product is invariant under X if 

(i + j - 1) + = mod 2, 

holds. For q'^ even, the projected partition function is given by 

oo oo 

^U{1)= n n (l-ge^^(^l-l/2)-.2al-l/2))(^_gg.l(^2-l/2)-.,0,-l/2))^ 
ii J2 even ji ,12 odd 

while for q'^ odd by 



00 CXD 



*i yji even J2i*2 odd 



We can rewrite the first partition function as 



^ ^ifc(ei+e2)(^]^ _^ gfc(ei+e2)) \ IJ^ COSh 



fc(€i+e2) 



^a(i) exp f ^ _ i)(e2/ce2 - 1) ) '^''P 1 ^ 2ksmh{kei) smhike^)^ 

(4.5) 

and observe that for even charge (+) the summand is the same as the first integrand in 
( 13. 9p . This is similar as in the ordinary refined case. Furthermore, explicit expansion 
of the corresponding free energies (parameterized via (II. 2p ) for small Q and A shows 
that (14. 4p equals (14. 5p . For odd charge (— ) we infer instead that 



oo i 



^u(i) - exp ^^^2fce, _ i)(e2fc.2 -1)^ j """"P I A. 2A;sinh(A;ei) sinh(A;e2) ) ' 

(4.6) 

and this is the same as the first integral in (I3.15P with negative sign under an additional 
shift of Q. It is more natural to define 

Zumiei, 62; Q) := Z^miei, £2; Qe'^^^^"^^)) . 



In particular, under this definition the relation between and Z^jf^^s^ is just 

5 



a 



flip of sign of one of the combined with an overall sign change, i.e., 

^f^(i)(ei,e2;<5) = -^^(i)(ei,-e2;(5) = -Z~^^^{-ei,e2;Q) . (4.7) 
Also note that 

■^(7(i)(ei, £2; Q) = ^2; Q) X ZjJ^^^(ei, £2; Q) , 
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or, in terms of the corresponding free energies T = log(Z), 

^■(ei, 62; Q) = J'+(ei, 62] Q) + J^^(ei, 62; Q) , 

due to relation (13.171) . 

Hence, it is suggested to identify Z'^^i^ and Z^^^^ as possible partition functions of 
the refined topological string onylix((9(— 1)©(9(— 1) — j-P^). The partition functions 
on Ai X (0(-2) © C(0) P^) follow as usual via Zj^^^ • course, due 

to (14. 7p there is no essential difference between -Z'^(i) and Z^^^y However, as we will 
see in the next subsection, it is useful to explicitly distinguish between the two cases. 

4.3 U{2) 

Let us now discuss the pure U{2) gauge theory in five dimensions, since this relates 
to the refined topological string on local P^ x P^, i.e., on 0(— 2, —2) — )■ P-*^ x P^. We 
denote the two Kahler parameters of the geometry, which correspond to the sizes of 
the two P^, as ti and t2- We also define Qi := e~*\ 

As for the essential lift from four to five dimensions is implemented via 

the simple change of weight ( 14. ip . From [231 El] one can infer that the identifica- 
tion between the SU{2) C U{2) gauge theory partition function in five dimenions, 
Zsu(2){^i,^2',ci;q), and the refined topological string partition function (defined via 
M-theory left-right spin counting) on local P"*^ x P-*^ goes as 

Zpixpi(ei, 62; Qi, Q2) = ^c/(i)(ei, £2; Qie^~)Zc/(i)(ei, 62; QiC ~)xZsu{2){ei, 62; a; q) , 
where Z[/(i)(ei, €2] Q) is as in ( 14. 3p . and with identification of parameters 

(Usually, the two factors are referred to as perturbative contribution.) One can 

also interchange the role of Qi and Q2, due to the symmetry of the geometry. It is 
interesting to note that while the full partition function Zpixpi has an expansion into 
even powers of A only, the equivariant limit to either of the 0{—2) © O{0) — t- P^ parts 
of the geometry does not (only under additional shifts of the Q). That means that the 
cancellation of the odd sector in A is a global phenomenon. 

Using the results of the previous sections, it is now easy to suggest the partition 
function of the refined topological string on Ai x (local P^ x P^). Namely, 

Zpixpi(^i; ^2; <5i, <52) = Z{/(i)(ei, £2; Qie 2 )Z^^^^{ei,e2;Qie 2 ) xZ^^^2)(fi; ^2; «; q) , 

(4.8) 
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In particular the ± in Z'^jj^^-^ stand for the even, respectively odd, projection discussed 
in section [21 while is given in f l4.5p . respectively (14. 6p . One should note that only 
for the same pairing of ± between the U{1) and SU{2) part one obtains a partition 
function which is symmetric under exchange of Qi and Q2. Note also that while in 
^pixpi oiily integer powers of Qi appear, ^pi^pi possesses also half-integer powers, 
reflecting the presence of "fractional" instantons in the effective field theory limit. In 
the following section, we will give strong support in favor of the interpretation of ( 14. Sp 
clS db (refined) topological string partition function. 

5 B-model approach to U{2) gauge theory in 5d 

In this section we are going to reproduce the five dimensional partition functions of 
the previous section via the B-model approach applied to the mirror geometry of local 
xP^. This hints towards the interpretation of the five-dimensional partition functions 
as the partition function of a refined topological string on (local x P^). 

5.1 Generalities 

The B-model formalism for the topological string on this geometry has been exhaus- 
tively discussed in the literature, hence we will be brief and only recall the necessities. 

Via mirror symmetry, the (large volume) tree-level data of the topological string 
on local P^ X P^, can be obtained by solving the system of Picard-Fuchs equations [IQ] 

£i = el~ 2z,{e, + 02)(i + 26, + 2^2) , 
£2 = ^2 - 222(^1 + ^2)(i + 2^1 + 2^2) , 

with 6i := Zidzi and where Zi denote the two complex structure parameters mirror to the 
two Kahler parameters. The moduli space of the mirror geometry has a rich structure, 
see [H] . However, for our purposes only the large volume point and the conifold locus 
are of relevance. □ The former to compare to the five dimensional gauge theory results, 
and the latter to fix the holomorphic ambiguities. In particular, since we are only 
interested in these points, we do not need to bother about resolving singularities in 

■^One could also use the point in moduli space corresponding to the geometric engineering limit 
to compare directly to the 4d gauge theory. We performed this analysis and obtained the expected 
results. However, we omit this discussion in this note for brevity, since it does not provide any major 
new insights. 
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moduli space. Hence, working soley with the (singular) moduli space parameterized 
by the discriminant 

AA = 0, 

with 

A = (1-8(^1 + 22) + 16(^1 -22)'), (5.2) 



and 



A = A1A2 ; Ai 



is sufficient for our purposes. 

Solving the set of Picard-Fuchs equations (15. ip yields the mirror maps and the 
prepotential J-'^'^^ for the large volume point {zi = Z2 = 0). For the conifold point, 
we can for instance choose zi = Z2 = j^, a.s this point lies only on A = 0, and is 
non-singular. A possible choice of coordinates around this point is (see for example 

m) 

^^ = 1-7' ^2 = l-T^- (5.3) 

Solving the Picard-Fuchs system ( 15. ip in the new coordinates gives the mirror maps 
and the prepotential at the conifold locus. 

Having the tree-level data at the large volume and a conifold point in moduli space 
at hand, one can solve for the higher genus amplitudes recursively via the holomorphic 
anomaly equations, both, in the ordinary and refined case. Since the local x 
geometry effectively behaves like a 1-parameter geometry, the 1-parameter holomorphic 
anomaly equations introduced at hand of SU (2) gauge theory in sectionOare sufficient. 
Note also that the effect of refinement is a pure change of boundary conditions at the 
conifold point, as anticipated in [13] and explicitly conffimed in [M] . 

5.2 ^5^(2) 

Via explicit comparision to the localization results of section U31 we find that the 1-loop 
free energy of the lift of the gauge theory on Ai to five dimensions can be reproduced 
in the B-model formalism via the usual solution of the 1-loop holomorphic anomaly 
equation 

g^'^ = log (det G) + a^g'\z,, z^; /3) , (5.4) 
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with Gij := dq^Zj, holomorphic ambiguity a^'' parameterized as 

a^g\zi, Z2; (3) = KilogA + KslogA, (5.5) 

albeit under fixing 

Note that the coefficient ki of the "conifold term" has the expected universal structure, 
i.e., is proportional to \l/2^^ given in (13.71) . 

Having the tree-level and 1-loop data at hand, we can try to solve for the higher 
genus amplitudes using the holomorphic anomaly equations supplemented with the 
expected boundary conditions (13. 7p for the conifold point in moduli space. We param- 
eterize the holomorphic ambiguity as usual, i.e., via 

n,<i{g~l) 

Similar as in the original case, the symmetry of the partition function under exchange 
of Zi and Z2, the known constant map contribution and conifold behavior yield enough 
constraints to fix the coefficients an},n2 for arbitrary g. 

In this manner, the amplitudes can be calculated to high degree in Qi. Clearly, the 
explicit results are too lengthy to be explicitly shown here. We just give the leading 
terms of the 2-loop amplitude for illustrational purposes, i.e., 

(2) 1 + 40/32+^ 59 + 1440/3 - 2950/3^ + 1440/3^ + 59/3^ ^ ^ ^ 
^ = 720/32 + 360^^ + • • • • 

Finally, we also note that we have found an all integer BPS state type expansion 
of the five dimensional partition function. We will come back to this elsewhere. 

5.3 ^5c/(2) 

Let us now consider the other sector. Since in the underlying four-dimensional gauge 
theory the Z2 symmetry between the monopole and dyon point is broken at 1-loop, 
we expect also something new to happen for the refined topological B-model on AiX 
(local X pi). Indeed, the genus expansion of the free energy obtained from the local- 
ization calculation for the lifted gauge theory shows that the parameters Qi also occur 
with half-integer powers at 1-loop and beyond, which is not immediately clear how to 
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be reproduced by the B-model since the ordinary 1-loop amphtude (I5.4p for general 
ambiguity (15 .Sp clearly has an expansion into integer powers of Qi only. However, 
similar as for the gauge theory in four dimensions, the solution lies in a "refinement" 
of the conifold locus in moduli space at 1-loop and beyond. For that, note that the 
parameterization of the conifold locus (A = with A as in (15. 2p ). can actually be 
factorized as 

A = A1A2A3A4 = 0, 

with 

Ai = -l + 2(^- v^), A2 = 1 + 2(v/^- yi^; 



(5.6) 

A3 = -l + 2(v/^+v^), A4 = l + 2(v/^+v^). 

As it will turn out, for our purposes it is enough to consider the two combinations 
A12 = A1A2 and A34 = A3A4. We observe that we can reproduce the localization 
result at 1-loop if we fix the holomorphic ambiguity of the amplitude (15. 4p to 



[z,,z2-,P) = -^[p + i j log A - i (log A12 - log A34) - ^ - /3 - ^ 

Note the qualitative similarity of the first two terms to (13.121) . In particular, the break- 
ing of the Z2 symmetry between the monopole and dyon point in the four dimensional 
gauge theory translates to a breaking of the degeneration of the conifold locus in mod- 
uli space. Hence, in order to obtain enough boundary conditions for the higher genus 
amplitudes, we have to expand the amplitudes around two different conifold points in 
moduli space, i.e., the conifold locus breaks into two components at 1-loop and beyond. 
The point corresponding to the choice of coordinates (15.30 lies on A3 = 0, thus we take 
for instance as the other point (21, Z2) = (|, 1), which lies on A2 = 0. We can take as 
coordinates around this point 

Z-, — i ,2^0 



Transforming the Picard-Fuchs equations (15.11) to these coordinates, one obtains as so- 
lution the corresponding mirror maps and prepotential. With the tree-level and 1-loop 
data at hand, we solve for the higher genus amplitudes using the holomorphic anomaly 
equation and expand around the large volume and the two conifold points. We observe 
that the gauge theory results of section 14.31 can be reproduced via parameterizing the 
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holomorphic ambiguity via 



ni<4(g-l) ni<8(g-l) . 

y rii odd / 



Further, the amphtudes around the two conifold points feature two independent gaps 
with coefficient of the leading (singular) term ~ \E'2(+/3), respectively, ~ \E'2(^/3)- This 
yields sufficiently many boundary conditions to solve the amplitudes to any desired 
order. Again, the explicit amplitudes are too lengthy to be displayed here. However, 
for the readers convenience we give the leading terms of the 2-loop amplitude: 



59 - 540/3 + WW - 540/3 + 59 HP - If .^.w ^,1,2 ^ ^i/2„V2, , 



360/32 ^x^. , 2/32 



(5.7) 



6 Conclusion 



In this work we have initiated the study of gauge theory on ALE space and its five- 
dimensional lift from a special geometry and holomorphic anomaly point of view. 

Besides having explicitly shown that the partition function of pure SU{2) C U{2) 
gauge theory on the simplest example of an ALE space, namely Ai, can be repro- 
duced using the "B-model" approach of invoking special geometry and the holomor- 
phic anomaly equation, we also showed that the partition function resulting from the 
naive lift to five dimensions of the gauge theory on Ai still enjoys this property. In 
particular, the corresponding tree- level geometry is local x P^, hinting towards that 
the lifted gauge theory can be identified with a sort of refined topological string on 
Aix (local pi X pi). 

We see room for further investigations in various directions. Perhaps most interest- 
ing would be the generalization to include matter, other internal backgrounds and more 
general ALE space-times, in order to clarify if the SU (2) C U (2) on Ai case discussed 
in this note is a mere mathematical curiosity, or, if there is a general structure behind. 
For that, it would be useful to construct an orbifolded version of the refined topological 
vertex ("A- model" approach). This appears to be relatively straight-forward, i.e., the 
only missing essential ingredient being the proper projection of the framing factor. The 
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application of the B-model approach seems in general to be a bit more tricky due to 
the observed "refinement" of moduli space under coupling to gravity, which is expected 
to be a general feature for theories on ALE space-time. It appears that one should 
simultaneously pursue the A- and B-model approach in order to be able to definitely fix 
both. It would also be beneficial to properly understand the resummation of the free 
energies into a generating function counting (projected) EPS-states. We have found 
indications that such a resummation exists. We hope to come back to these and related 
thematics in more detail elsewhere. 
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